This study sets the framework for uncertainty propagation in hypersonic aeroelastic and aerothermoelastic stability analyses. First, the aeroelastic stability of typical hypersonic control surface section is considered. Variability in the uncoupled natural frequencies of the system are modeled using beta probability distributions. Uncertainty is propagated to the flutter Mach number using the stochastic collocation approach. In addition, the stability of an aerodynamically heated panel located on a hypersonic vehicle is considered. Uncertainty is identified using CFD tools and it is shown that turbulence modeling has a significant effect on the prediction of the heat flux distribution and transition location. The uncertainties identified are propagated through the system and their effect on the flight of the vehicle is determined. For both cases, uncertainty is treated using stochastic collocation, a relatively new approach that is shown to be very efficient.
Nomenclature a
Normalized elastic axis location positive aft from midchord A, B
Coefficients for beta distribution A j Fitting coefficients A n (t)
Deformed shape coefficients b = c/2
Semi chord c Chord C 1 , C 2 , C 3 , C 4 Deformed shape coefficientŝ f (ξ)
Polynomial response surface of the output of interest h Standard deviation of ξ φ j (ξ)
Interpolating polynomials functions ω α Natural frequency in pitch ω h Natural frequency in plunge I. Introduction H ypersonic flight is an active area of research motivated by interest in unmanned rapid response to threats and reusable launch vehicles for affordable access to space. [1] [2] [3] [4] [5] [6] Such vehicles are based on lifting body designs which tightly integrate the airframe and propulsion system. For hypersonic cruise speeds, the propulsion system is based on air-breathing engines that require sustained periods of atmospheric flight. 5, 7, 8 Flying at hypersonic speeds within the atmosphere causes severe aerodynamic heating effects. Accurate modeling of the resulting aerothermoelastic interactions is critical to hypersonic vehicle performance, stability, and reliability analyses.
Hypersonic flows are inherently complex and involve phenomena that are not present in supersonic conditions; e.g. dissociations, chemically reacting flow, viscous interactions and higher levels of aerodynamic heat flux. 7, 8 Similarity laws for aerothermoelastic scaling are not available and therefore the ability to examine the fully coupled aerothermoelastic problem experimentally at reduced scales over the full flight envelop of a hypersonic vehicle is not feasible. 9 Therefore, the development of accurate computational aerothermoelastic simulation capabilities is critical for design and analysis of hypersonic vehicles.
High fidelity numerical simulations of the complex hypersonic flow environment are computationally very expensive and the state of art is still at an early stage of development in which the role of important factors such as real gas effects, chemically reacting flows and complex viscous interactions are not understood. Current analysis tools employ computationally efficient models based on simplifying assumptions of the physics and/or reduced-order modeling of full order computations. Compensating for these shortcomings in modeling capability, as well as the use of reduced order models (ROM) to enhance computational efficiency, mandates the use of uncertainty propagation techniques in hypersonic aerothermoelastic analyses.
In aerothermoelastic analysis of hypersonic vehicles, two commonly used models based on simplifying assumptions are piston theory for computing the aerodynamic loading, 1 and Eckert's reference temperature or enthalpy method for calculating aerodynamic heat flux. 7 However, the simplifying assumptions, such as the neglect of real gas effects or turbulence modeling, introduce uncertainty associated with the results of the simulation code. In addition, reduced order models (ROM) currently being developed for each component (aerodynamic loading, aerodynamic heating, propulsion, structural dynamics and control) of the hypersonic vehicle 10-15 also introduce error into the analysis. Therefore, for this class of problems, the uncertainty due to both unmodeled physics and the approximation errors associated with ROM's for several components must be propagated through the analysis. Several approaches for propagating uncertainty in aeroelastic problems are available, such as: direct Monte Carlo simulations 16 (MCS), polynomials chaos expansion
17
(PCE), adaptive finite elements. 18 In this study, stochastic collocation (SC) is employed since this method is an effective alternative to direct Monte Carlo simulation, which has prohibitive computational costs for complex problems. Furthermore, SC does not require modifications to deterministic analyses codes (i.e. non-intrusive), and was shown to outperform PCE in a recent study.
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The overall objective of this paper is to investigate the effects of several uncertainty sources relevant to hypersonic vehicle design. Stochastic collocation is used to propagate uncertainty associated with two illustrative problems:
1. Aeroelastic stability of a typical section representative of a hypersonic control surface. For this case, the effects of uncertainty associated with the natural bending and torsional frequencies are considered, and SC is used to quantify the effect of uncertainty on the flutter Mach number.
2. Aerothermoelastic stability of a panel located on a vehicle flying at hypersonic speeds. For this case, uncertainties due to modeling assumptions associated with the aerodynamic heat flux and laminar to turbulent transition predictions are quantified, and their effects on flight time before the onset of panel flutter, are studied.
II. Representative Hypersonic Aeroelastic and Aerothermoelastic studies
Two representative case studies are presented in this section. They represent typical analyses of hypersonic vehicle components. The first study corresponds to the aeroelastic analysis of a typical hypersonic control surface section. Next the aerothermoelastic stability of a panel located on a vehicle flying at hypersonic speed on a straight trajectory is considered. Brief descriptions of the models, as well as the uncertain inputs and outputs of interest associated with each representative study are provided in this section.
II.A. Aeroelastic Stability of a 2D Typical Section
As an illustrative example of uncertainty effects on the aeroelastic stability characteristics of a hypersonic vehicle, the flutter Mach number associated with a double wedge typical section representative of a control surface is examined. The typical section, shown in Fig. 1 , is characterized by pitch (α) and plunge (h) degrees of freedom. This problem was treated deterministically in Ref. 2 .
The output of interest, y, is the flutter Mach number which governs system stability. In this study, variability is introduced in the uncoupled natural frequencies, ω α and ω h , to account for uncertainty due to material and mass properties. Therefore, the output of interest for this problem is a function of two uncertain inputs -denoted ξ 1 and ξ 2 -which correspond to the natural frequencies. The aerodynamic loading is obtained from 3 rd order piston theory. The aeroelastic stability is determined using an efficient damping identification method known as the ARMA model. 20 Damping is extracted from the transient response of the system. As dynamic pressure increases, flutter ensues and the flutter Mach number M f corresponds to zero damping in one of the two modes of the system. The flutter Mach number M f depends also on the offset a between the elastic axis and the mid-chord.
II.B. Aerothermoelastic Behavior of a Panel
The second problem considered is the aerothermoelastic stability of an aerodynamically heated two-dimensional panel. The panel depicted in Fig. 2(a) is located on the surface of a vehicle flying at hypersonic speeds. It is assumed that the panel is covered by a thermal protection system consisting of a radiation shield and thermal insulation, shown in Fig. 2(b) . A detailed deterministic study of this problem has been performed in Ref. 13 . The nonlinear equations of motion are solved using a Galerkin approach to eliminate spatial dependence and the time domain panel response is obtained from a fourth order Runge-Kutta scheme. The out of plane displacement w(x, t), Eq. 1, is expressed as a combination of sine modes and a third order polynomial function uniquely defined to satisfy non-homogeneous boundary conditions due to thermal loads.
The aeroelastic model for this problem is obtained by combining the two-dimensional, moderate deflection von Karman plate theory with unsteady aerodynamic loading based on 3 rd order piston theory. The heat transfer problem is treated using Eckert's reference enthalpy model to evaluate the aerodynamic heat flux.
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The temperature distribution in the structure is computed from a finite difference solution of the heat transfer problem. It is assumed that the vehicle is in straight and level flight, at a constant altitude and Mach number. Since the edges of the panel are fixed at its end points, thermal stresses develop as the panel is heated, causing buckling and eventual aerothermoelastic instability. The instant when the panel starts to flutter determines the flight time, T f , that characterizes the stability boundary of the system. This flight time corresponds to the instant when the out of plane panel displacement at the mid-chord point reaches −10% of the panel thickness. This value for the out of plane displacement signifies the onset of oscillating values for w, which is indicative of panel flutter. This metric for the onset of flutter is accurate to within ±1 second of flight time.
Since aerodynamic loading, elastic deformation, inertial loads and heat transfer are tightly coupled, 13 heat flux prediction is a key component of the analysis. The use of Eckert's reference enthalpy model implies several assumptions about the modeling of the heating problem which introduce sources of uncertainty and affect the stability of the system. Therefore, uncertainty in the heat flux prediction is quantified. A scaling factor α q for the heat flux is introduced and treated as the first random variable, ξ 1 . Transition location, x ti , is identified and treated as the second random variable, ξ 2 .
III. Uncertainty Propagation
Once the outputs of interest have been defined and the uncertain inputs have been identified, probabilistic approaches can be applied to quantify uncertainty effects. In this study, the effects of uncertain inputs ξ are propagated through a computational analysis symbolically represented by f in order to quantify uncertainty effects on the output of interest f (ξ). The uncertainty propagation analysis is illustrated in Fig. 3 . The function f represents the aeroelastic or the aerothermoelastic stability analyses described in Section II, where ξ are the uncertain input parameters. The probabilistic approach to uncertainty quantification consists of the following steps:
1. Each uncertain input is treated as a random variable characterized by a probability distribution, p(ξ).
2. Stochastic collocation is used to approximate the computationally expensive functional dependance of the output of interest on the uncertain inputs, i.e. f (ξ) is approximated.
3. Conventional MCS methods are applied to the computationally efficient approximate representation obtained from SC. The effects of the uncertain inputs on the output of interest are quantified on terms of probability distributions denoted by p(y). Detailed descriptions of the probabilistic characterizations of the uncertain inputs and the SC function approximations are provided in the following subsections.
III.A. Characterization of Input Probability Distribution
Randomness associated with an uncertain input is modeled by a probability density function (PDF), p(ξ), and p(ξ 0 )dξ is the probability that ξ 0 − dξ/2 ≤ ξ ≤ ξ 0 + dξ/2. Thus the PDF p(ξ 0 ) describes the probability of occurrence that the random variable ξ will have the value of ξ 0 . Commonly used PDF's include normal, log-normal, exponential or Cauchy distributions which are defined on unbounded domains. Using such PDF's may require evaluating the output of interest at input combinations with no physical significance and/or leading to unfeasible computations. In contrast, beta distributions, given in Eq. 2, represent a family of bounded probability distributions in which the range of the random input variables can be controlled by prescribing bounds. Moreover, the choice of the two parameters A and B permits one to control the PDF shape as illustrated in Fig. 4 . Thus, uniform, symmetric or non-symmetric PDF's can be accommodated over the input range by using beta distributions. 22 A beta distribution corresponding to particular values of A and B will be denoted by Beta(A, B). 
III.B. Stochastic Collocation
Once the sources of uncertainty have been identified and quantified by appropriate probability distributions, the effects of uncertainty can be studied using two methods: intrusive 18, 23-25 and non-intrusive.
16, 19, 26
Hypersonic aerothermoelastic problems require the use of non-intrusive methods due to the complexity of comprehensive analysis codes. Direct Monte Carlo simulation is the most widely used non-intrusive approach in relatively simple aeroelasticity studies. 16, 17, [27] [28] [29] [30] [31] [32] [33] This method requires numerous evaluations of the function of interest (e.g. flutter Mach number), at values of the uncertain inputs dictated by their probability distributions. The computational cost associated with numerous analysis evaluations is prohibitive for complex problems such as hypersonic aeroelastic and aerothermoelastic analysis. Therefore, SC is employed in this study as a computationally efficient alternative to direct MCS.
In SC, computationally efficient polynomial response surfaces are used to approximate the functional relationship between uncertain inputs ξ, and the output of interest f (ξ), where ξ is a normalized random variable varying between the limits -1 and 1.
The response surfacef given by Eq. 3 consists of an expansion in terms of polynomial basis functions (φ j (ξ)) 1<j<P +1 , in which A j 's are fitting coefficients, and P + 1 represents the number of basis functions. Once constructed, MCS can be applied to the computationally inexpensive polynomial response surface in order to obtain the probability distribution associated with the output of interest.
In the current study, the expensive analyses are evaluated at a set of inputs ξ, called collocation points. The collocation points are chosen such that mean m f , given by Eq. 4, and variance σ f 2 , given by Eq. 5, are numerically estimated using a numerical integration scheme defined by N I integration points, (ξ k ) k=1,N I and their corresponding weights (w k ) k=1,N I . Thus the collocation points correspond to the numerical integration points.
For the one dimensional case, the polynomial response surface, given by Eq. 3, is generated using Lagrange polynomials (φ j ) j=1,P +1 , Eq. 6 associated with the collocations points (ξ k ) k=1,N I , Eq. 7.
The degree of the polynomial approximation P , in Eqs. 6 and 7 is equal to N I − 1. For a multidimensional random input space, ξ = (ξ iv ) iv=1,Nv , in which N v is the number of uncertain inputs, the multi-variate extension of Eq. 6 is given by Eq. 8.
For beta distributions, the corresponding numerical integration scheme is computed using Gaussian quadrature developed by Golub.
34 For a single random variable, the numerical integrations points are the roots of the Legendre polynomial function of degree N I associated with the beta probability distribution of the input. The numerical integration scheme is exact for polynomial functions of order less than 2N I − 1. In the two-dimensional case, the collocation points are depicted in Fig. 5 for beta distributions corresponding to various combinations of A and B for N I = 7
2 . This method tends to concentrate collocation points in the regions of higher probability. For instance integration points associated with the Beta(3,3) PDF have a higher concentration at the center of the domain compared to the grid associated with Beta(1,1). Since there is strong evidence that SC approach has outperformed polynomial chaos expansion, 19 another widely used technique, SC is the method chosen for this study. It should be noted however that this method suffers from the curse of dimensionality which implies that increasing the number of random inputs exponentially increases the number of analysis runs and the computational cost of the method. The number of analyses required for the implementation of the SC approach is (P + 1)
Nv . Furthermore the collocation points associated with most integration schemes are located strictly within the domain of the input variable. Therefore, extrapolation is required for response surface evaluations close to the domain boundaries which may adversely affect accuracy. Other efficient interpolation techniques can be considered to create the response surface such as adaptive sparse grid interpolation, 35, 36 Kriging surrogates 37 or multi-variable splines 38, 39 if discontinuities are present. The investigation of such approaches is the subject of ongoing research beyond the scope of this paper.
IV. Results
This section presents uncertainty propagation results applied to both case studies described in Section II. The importance of non-deterministic approaches for hypersonic vehicle analysis is characterized by comparing with results obtained from deterministic analyses. In all results, the 95 % confidence interval for the flutter Mach number and minimum and maximum values are obtained by conducting 10
5 Monte Carlo simulations on the approximate problem, i.e. the polynomial response surface, using the MATLAB random number generator betarnd.
IV.A. Uncertainty Propagation for 2D typical Section
The system is characterized by the parameters given in Table 1 , which were taken from Ref. 2. Variability is introduced in the natural uncoupled frequencies in order to represent uncertainty related to stiffness and/or mass properties in a more complex system. The range for each uncertain input is taken to be ±50% of their baseline value, and the respective probability distribution is chosen to be uniform -see Table. 2. Selection of the degree required for the SC expansion, was based on a convergence study. In the convergence study, a and H were fixed at 0.0 and 40,000 feet respectively. The mean and the variance associated with the flutter Mach number obtained from polynomial expansion up to 10 th order were compared to results obtained from a 15 th order expansion based on (15 + 1) 2 = 256 analysis evaluations. The relative errors associated with the mean and standard deviation are shown in Fig. 6(a) . Furthermore, the accuracy of the various polynomial expansions was quantified by comparing the response surface predictions with the values obtained from the 256 evaluations associated with the reference case. For this 256-points set, maximum and sum of squares (L2) relative errors between the computed value and the response surface prediction was computed and are shown in Fig. 6(b) . The maximum error is less than 1% for a response surface based on a 6 th order expansion (i.e. 49 collocation points). Based on these results the corresponding 6 th order polynomial expansions were used in additional investigations corresponding to various values for the elastic axis offset a and the altitude H.
Uncertainties associated with the pitch and plunge natural frequencies are propagated to the flutter Mach number using a 6 th order polynomial response surface generated by stochastic collocation for an elastic axis offset, a, varying from -0.4 to 0.4 at an altitude of 40,000 feet. In Fig. 7 , the deterministic flutter Mach number is compared to the mean, and standard deviation in flutter Mach numbers due to the uncertainties. The results show that the mean of the flutter Mach number is close to the deterministic value. The standard deviation varies from 36% to 53% of the deterministic value, as indicated by the shaded boxes in Fig. 7 . Furthermore, an interval likely to include the flutter Mach number with 95% confidence is depicted using error bars in Fig. 7 . This interval varies from as low as -79%, to as high as +94% of the deterministic value. These results are also concisely summarized in Table. 3. The corresponding output probability distributions are illustrated by Fig. 8 for different elastic axis offsets a. It is clear from Fig. 8 that there is 1.E-11
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1.E-01 . Convergence study for SC method, a = 0, H = 40,000 ft a significant probability that the system will flutter before its deterministically predicted value. Therefore, non-deterministic approaches are required to properly quantify the aeroelastic stability boundary. Additional information can be extracted from the probabilistic nature of the uncertainty quantification analysis, as illustrated in Fig. 9 , which shows the probability that the flutter Mach number will be less than some percentage of the deterministic prediction. For example, depending on the value of the elastic offset, there is a 12-23% probability that the control surface will flutter at a Mach number that is 50% less than the deterministic prediction, when assuming a PDF corresponding to Beta (1,1) .
These results demonstrate that uncertain inputs can produce significant levels of uncertainty in predicted flutter Mach numbers. By treating the problem in a probabilistic manner, more information about the prediction is extracted. In this particular case the deterministic analysis is not sufficient since large variations in the flutter Mach number due to the assumed uncertainties were observed.
The effect of the input probability distribution shape of the random inputs on the stochastic output probability distribution is also studied. The same framework was followed for different input probability distributions. The range for the frequencies is unchanged. Both ξ 1 and ξ 2 have the same probability distribution for all cases shown in Figs. 9 and 10 . The results display a significant effect of the probability Figs. 9(b) , (c) and (d) and Fig. 10 . The choice of input probability distribution affects all the stochastic analysis quantities i.e. mean or expected value, standard deviation and 95% confidence interval. As expected maximum and minimum remain unchanged since the ranges of the uncertain inputs were not changed. When considering these results, it is important to note that the altitude (H = 40,000 ft) at which the aeroelastic studies are conducted is not representative of hypersonic flight. However more realistic altitudes of 80,000-100,000 ft produce very high Mach numbers, and therefore the altitude was artificially reduced in order to reduce these to practical values. However, as pointed out in Ref. 40 , incorporation of aerodynamic heating leads to a reduction of the flutter Mach number, and thus aerothermoelastic studies can be conducted at more reasonable altitudes.
IV.B. Uncertainty Propagation for Aerothermoelastic Problem of a Panel
This problem, described in Section II.B, is defined by the parameters provided in Table 4 . The altitude considered is 98,500 feet and the freestream Mach number varies from 8 to 12. The forebody inclination is 5 degrees, the panel is assumed to be 1.5 meters long and is located at a distance of 1.0 meter from the leading edge of the panel. The flow over the panel is assumed to be fully turbulent which implies that the transition region is arbitrarily assumed to start at the leading edge of the vehicle and to end before the leading edge of the panel. Consequently in this problem, uncertainty is introduced in the heat flux transfer computations. Appropriate modeling of turbulence and gas properties is a key factor for accurate prediction of the aerodynamic heat flux on the structure. In Ref. 13 , two sources of uncertainty have been identified. The first is associated with uncertainty in turbulence modeling, and the second pertains to uncertainty in the transition from laminar to turbulent flow. Both affect the heat flux, and thus have a direct impact on the aerothermoelastic stability of the panel.
Turbulence Modeling The uncertainty due to turbulence modeling was quantified by comparing Eckert's reference enthalpy model 21 with full order CFD results based on two turbulence models; this comparison is depicted in Fig. 11 . The full order results were generated with the CFL3D CFD solver. The flight Mach number is 8.0, and the temperature on the panel surface is 900 Kelvin. For the given panel deflections shown in Figs. 11(a) and (c) , the predicted heat flux distributions along the panel computed from the various models are illustrated in Figs. 11(b) and (d) . Depending on the model used to compute the convective heat flux, the results differ. Four different predictions are compared: two based on CFD computations with different turbulence models, and two based on Eckert's reference enthalpy and reference temperature models. The models considered in Fig. 11 result in similar spatial distribution shapes for the heat flux and differ only in offsets of the heat flux.
Based on these observations, uncertainty due to turbulence modeling is characterized as follows: the variation in heat flux predictions based on the differences between Eckert's reference enthalpy model and the two CFD codes with different turbulence models, is accounted for by using a scaling factor α q that modifies the Eckert's reference enthalpy heat flux to yield α q Q aero . The range in α q was chosen to be 0.95 < α q < 1.25 in order to encompass the difference between Eckert's reference enthalpy and the two CFD turbulence models depicted in Fig. 11 (b) and (d) . A value of α q = 1 corresponds to the baseline value employed in Ref. 14. The probability distribution for α q was assumed to be uniform, i.e. Beta(1, 1).
Transition Location Prediction
In addition to the uncertainty associated with the turbulence model, the uncertainty associated with the location of the onset of turbulence was also modeled. In Ref. 13 , the location at which the flow transition from laminar to turbulent was arbitrarily chosen to correspond to the distance between the leading edge of the vehicle and the leading edge of the panel. Transition modeling in hypersonic flow is a very complex issue. The location of the transition region depends on numerous parameters such as flight conditions, wall temperature, surface roughness or preexisting disturbances level in the flow. In the deterministic analysis it was assumed that the panel was under fully developed turbulent flow. This assumption is a very conservative one. For laminar flows the aerodynamics heat flux on the panel is of the order of one fifth of the heat flux due to turbulent flows. However, even for this assumption, there is uncertainty associated with the location of the transition due to variability in the turbulence level of the freestream flows. In order to quantify the effects of uncertainty associated with the turbulence onset location, x ti , the distance of the onset location from the leading edge of the panel was varied from 0.2 meter to 1 meter corresponding to −0.67 ≤ x ti /l p ≤ −0.1. The distance of 1 meter corresponds to an onset of turbulent flow at the leading edge of the vehicle, which represents the baseline value assumed in Ref. 13 . The turbulence onset location is assumed to be uniformly distributed between 0.2 meter and 1 meter. Both uncertainties associated with the turbulence model and the transition location, summarized in Table 5 , were propagated through the analysis and their impact on the flight time was determined. A 6 th order polynomial response surface was constructed based on 49 analysis runs; i.e. 7 collocation points for the two random variables. Uncertainty propagation results for different Mach numbers are shown Fig. 13(a) . In Fig. 13(b) results are normalized with respect to the deterministic value. At Mach 8 the mean value of the flight time was 922 sec, compared to the deterministic value of 1003 sec. The standard deviation and range are 4.51 sec (4%) and 820-1003 sec ([-16%, +2.4%]) respectively, where percentages are in terms of the deterministic value. Furthermore, the output probability distribution, shown in Fig. 14 , indicates a significant probability that the flight time will be much less than its deterministic value. These results clearly demonstrate the importance of incorporating uncertainty in a more complicated aerothermoelastic problem.
The same uncertainty was propagated at different Mach numbers, and a concise summary of the probability results is given in Table 6 . The computed probability distributions for additional Mach numbers are given in Fig. 15 . The ranges for α q and the transition location determined from Mach 8 results were used 
V. Concluding Remarks
Stochastic collocation is an efficient approach for propagating uncertainty in aeroelastic and aerothermoelastic analyses. Reduced order models used in hypersonic aeroelastic and aerothermoelastic analyses based on insufficient knowledge of pertinent physics associated with this class of problems require an uncertainty quantification approach. The results demonstrate that deterministic quantification of aeroelastic and aerothermoelastic stability boundaries is insufficient for hypersonic vehicle analysis and non deterministic approaches must be employed.
1. The aeroelastic stability of a typical section provides an illustrative example of the type of additional information that can be extracted using a probabilistic approach. The framework for uncertainty propagation for a hypersonic aeroelasticity example is presented in detail. Importance of the probability distribution of the random input is illustrated by the results that display a significant variation in flutter Mach number.
2. The aerothermoelastic stability of a panel represents a richer problem where uncertainty inherent with turbulence modeling and transition prediction introduce additional sources of error. Uncertainty in turbulence modeling and transition location have been identified and quantified using computational tools such as CFL3D and CFD++, two powerful CFD codes. Transition prediction is an ongoing area of research. Treating it as an uncertain parameter is necessary, and provides additional information about the reliability of the analysis. For this problem, despite the conservative hypothesis that the panel experiences fully developed turbulent flows, uncertainty associated with the transition location ahead of the panel influences the flight time predictions for the onset of instability.
